We develop a general model of the renal medulla that is similar m geometry to the models reported by others. Two solutes are assumed to be present, one to play the role of salt and the other that of urea and similarly handled compounds.
I. INTRODUCTION
The countercurrent multiplier theory of the operation of the renal medulla is often attributed to Kuhn and Ryffel [l] . However, this theory was stated more explicitly by Hargitay and Kuhn [2] who proposed a model *This work was supported in part by grants AM 16635 and GM 00110 from the National Institutes of Health, DHEW. BIOSCIENCES 32, 307-335 (1976) 0 American Elsevier Publishing Company, Inc., 1976 307 .I. A. JACQUEZ, D. FOSTER AND E. DANIELS for the operation of the system utilizing hydrostatic pressure as the driving force although they acknowledged that the known pressure differences in the kidney were too small to account for the total force required. Now, however, the evidence is overwhelming in favor of the driving force being the active extrusion of salt from the ascending limb of Henle, although there is disagreement as to whether the ion being pumped is sodium or chloride, and whether or not there is pump activity in the thin portion of that limb [3-91.
MATHEMATICAL
The countercurrent hypothesis states that the loops of Henle, acting as a countercurrent multiplier system, establish an osmotic gradient along the renal pyramids with the tips of the pyramids having a higher osmotic pressure than the bases. This theory was supported by the experimental findings of Wirz, Hargitay, and Kuhn [3] who, from their measurements on the melting points of slices of the medulla, reported that the osmolality of the medulla increased from the corticomedullary border to the tips of the papillae. They also reported that all structures at any one level have the same osmolality, a fact we now know to be incorrect since the fluid leaving the ascending limb of Henle is hypotonic. The micropuncture work of Gottschalk and coworkers [lo] showed that when the hamster, the kangaroo rat, and the Psammomys were in an antidiuretic state, the fluid in the loops of Henle and the blood in the vasa rectae near the tips of the papillae had the same osmolality as the fluid in the collecting ducts at that level, and that these fluids were hyperosmotic.
These findings have established the countercurrent hypothesis as a viable theory, and since the early 1960's all of the experimental evidence has been consistent with its general features. As the evidence in support of the countercurrent mechanism has increased, there has been a concomitant increase in the effort to develop more detailed models of the medulla. The early attempts were hampered by the fact that although the geometry of the medulla was fairly well worked out, the bulk of the evidence supporting the countercurrent hypothesis provided little insight into the details of how the various tubular segments functioned.
In the early part of this decade, however, there were two significant developments which have had a major impact on the development of models of the medulla.
The first of these was that techniques to measure the electrical and permeability properties of isolated tubular segments were perfected [ll] . The in vitro data so obtained gave, for the first time, direct evidence as to how these segments probably functioned in vivo thereby allowing refinements to be made to the countercurrent hypothesis. The second of these deals with the vasa rectae. If the assumption is made that the vasa rectae are highly permeable to nonprotein solutes and in equilibrium with the medullary interstitium at any given level in the medulla, then it is possible to merge them with the interstitium to form a larger fluid filled space. The advantage to using this assumption is that it simplifies the geometry of the medulla considerably while leaving the concentrating mechanism intact. This assumption was first used by Kokko and Rector [6] and Stephenson [ 121. Kokko and Rector formulated a model of the inner medulla to examine the countercurrent multiplication system without active transport and used this assumption to simplify the calculations. Subsequent computer simulations based upon this model were carried out by Stewart et al. [13, 14] although it should be pointed out that they used an ad hoc assumption on water movement to force volume balance. In this paper, we will derive the equations describing two concentrating engines, the geometry and structure of which are motivated by our knowledge of the structure and function of the medulla. The first, called the full model of the medulla, includes provisions for all of the tubular segments which are present in this region, specifically the two limbs of Henle, the two limbs of the vasa rectae and the associated capillary plexus, and the collecting duct. The geometry of this model represents a first approximation to what we know about the anatomy and tubular function in the medulla.
Even so, it leads to tremendous difficulties. Indeed, from the mathematical point of view it is a difficult two point boundary value problem, and from the physiological point of view, some of the input values and parameters are yet unknown.
If we examine the full model closely we are led to the conclusion that the source of most of the mathematical problems lies with the inclusion of the vasa rectae in the model.
Thus we are led in a natural way to seek circumstances under which the vasa rectae might be disregarded.
Here the second significant development on the modeling of medullary function comes into play, and at this point we introduce the second model, namely the central core model. We point out that this version of the central core model is the same in general though differing in details from that given by Stephenson [ 121.
In the next paper, we will use the central core model for our simulations.
The question arises why we did not start with it and proceed directly to the simulations.
The answer is twofold. 
LOOPS OF HENLE
The total amount of material which can exchange across the walls of the DHL and AHL at any given level in the medulla depends in part upon the total surface area per unit length and the total flow rate in the respective tubules at that level. At the corticomedullary border, the total flow into the DHL is determined by the total number of deep nephrons, the deep nephron glomerular filtration rate (GFR), and the percentage of water which is reabsorbed along the proximal convoluted tubule. The total surface area of the AHL and DHL at this point is determined by the total number of deep nephrons together with their respective radii. From species to species, there is a difference not only in the percentage of nephrons that are long looped, but in the number of these nephrons that actually extend to the tips of the papillae. This implies that in any cross section of the medulla the number of tubules can decrease as one goes from the corticomedullary border to the papillae. The result of this is a decrease both in surface area per unit length and in flow rate at deeper levels of the medulla.
COLLECTING DUCTS
As indicated in Fig. 1 , we regard the collecting ducts as tubes passing through the interstitium, and have assumed a constant surface area per unit length throughout the medulla. Thus we neglect the highly branched nature of these tubes and the fact that the confluence of these structures probably leads to a situation where the flow velocity stays relatively constant along the lengths of the ducts. Because of the complicated geometry of these tubes, it is difficult to estimate the changes in total surface area per unit length since the total number of collecting ducts decreases as one approaches the papillae whereas their radii increase. In our initial model we assumed that all loops have the same length and have constant surface area per unit length. However, in programming the central core model, provision for a changing surface area per unit length as a function of distance was incorporated in the program.
VASA RECTA
The vasa rectae descend as parallel bundles from the corticomedullary border to form the capillary plexuses at different levels in the medulla [14] .
We have lumped these plexuses into a series of tubes cross-connecting the DVR with the AVR. Since the vasa rectae do not enter into the computational model, we will not enumerate the difficulties these simplifications present except to point out that the flow in the cross-connecting tubes is perpendicular to the DVR and AVR (see Fig. 2 ).
INTERSTITIUM
The interstitium is assumed to be well-mixed at any one level x from the corticomedullary border. As indicated by the schematic, the tubules interact indirectly via solute and solvent exchange with the interstitium. This ne- 
TUBULAR FLUIDS
The fluid in each tube is assumed to contain two solutes, one to play the role of salt and the other urea. In addition, the vasa rectae and their associated capillary plexuses are assumed to contain another solute to play the role of the plasma proteins. No attempt has been made to deal with the ions separately so it is immaterial to the model whether it is sodium or chloride which is actually transported.
What is included is the effect of the net movement of salt and the resulting osmotic effect.
PHYSICAL PROCESSES TO BE MODELED
The basic relations required to describe the processes in each tube are:
(1) equations of conservation for solutes and solvent, (2) equations of motion that give the flow rates as functions of the pressure gradients and tube geometry, and (3) equations of state to describe the dependence of the tube diameter on pressure differences across the walls of the tubes. Since we treat fluids as incompressible, we do not require the equations of state for the fluids. Moreover, from the work which has been done on perfused isolated tubules [15] we are led to believe that the tubes are of relatively constant diameter over their length. Thus we treat them as rigid tubes thereby eliminating the equations of state for tube diameters. Furthermore, we believe that the pressure gradient and pressure filtration effects are small for all tubules except the vasa rectae which means that the equations of motion must be included only for the vasa rectae and their capillary networks.
However, one must then make some assumptions about the pressure in the interstitium in order to obtain the pressure differences across the walls of the tubules 5, 6 and 7. Our conclusion, therefore, is that a reasonable first model of the countercurrent concentrating engine as it might apply to the medulla must include the conservation equations for all solutes and solvents for all tubes, and the equations of motion for at least tubes 5, 6 and 7.
SYMBOLS AND NOTATZON
In Table 1 , we present a list of symbols together with their respective units which we will use. Except where it is essential for clarity, the independent variable x will not be exhibited. The tube numberings refer to those given in Fig. 1 . Thus, the concentration of the kth solute in tube 5 at a distance x from the corticomedullary border is Cam which we will write csk. A schematic showing the notation for the capillary bed at a depth x is given in Fig. 2 
jk ( 
III. THE EQUATIONS FOR THE FULL MODEL

THE CONSERVATION EQUATIONS
The conservation equations for all tubules but the interstitium can be written:
The axial flow of solute k is where the first term in the equation is the bulk flow contribution and the second is the contribution of axial diffusion. Here A, is the cross-sectional area of tube i and Dk is the diffusion coefficient of solute k. For the renal medulla, we believe that the axial diffusion term is small in comparison with the bulk flow term, so we neglect it in what follows. Mathematically, we are seeking the zero-th order solution of a singular perturbation problem.
THE EQUATIONS FOR WATER AND SOLUTE MOVEMENT
In Eqs. (1) and (2) J,, is the total flux of water across tube i and Jlk is the total flux of the solute k across tube i. The equations describing these should include expressions accounting for each mechanism by which such movement can occur. These include filtration and diffusion across the walls, active transport where applicable, and, in the vasa rectae, bulk flow out into the capillaries.
For filtration and diffusion across the tubular walls, we will use the equations for simultaneous volume and solute flow from irreversible
and
It follows from the discussion in the previous section that b, is zero except for tubes 5 and 6, and that AP, is zero except for tubes 5, 6 and 7. Note that we have used the arithmetic mean concentration in Eq. (5) instead of
. This is a good approximation so long as the concentration difference between interstitium and tubule is not large.
THE PUMP TERM
As we stated earlier, we will neglect the ionic nature of the salt and assume a solute is transported that gives the osmotic effect of the ion that is actually transported, i.e., it does not matter for this model whether it is sodium or chloride which is pumped.
The equation for the pump term is:
T,= cc,, A, + Gil + B;Ca, . In our model we assume that salt is the only transported solute. This neglects the possibility of urea transport in the collecting duct, a possibility which has been mentioned by .
INTERSTITIUM
For the interstitium, we can write the conservation equations for volume flow and solute flux as and Notice that F,, (L) is the volume flow rate leaving the collecting ducts, which we take as the urine flow rate.
VASA RECTAE
The vasa rectae are the only tubules for which the bi are nonzero. By definition.
we have
For these tubules we also require the equations of motion. In the case of streamline flow in tubes where exchange is occurring across the tubular walls, the velocity profiles are no longer parabolic [23-251. The volume flow rate, however, is still proportional to the pressure gradient even though the coefficient is no longer the same as in Poiseuille's equation. Thus, if K, is the constant of proportionality,
Flow in the vasa rectae is further complicated by the presence of proteins which are responsible for the colloid osmotic pressure. As a result, we must include the conservation equations for proteins. Assuming these proteins do not cross the walls of the vasa rectae but have free access to the capillary beds, we can write the equations
~50~~~~5,~~~=~50~~~~5,~~~+~5
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Finally, in the capillary bed, equations similar to those for the DVR and AVR can be written. Since the arguments are essentially the same, we simply exhibit these equations.
;,(x,z)= -Lp,,~APc-A~~,l+Lp,RT~
BOUNDARY CONDITIONS
The equations which we wish to solve are Eqs. (1) for tubes 1 through 6 and (2) for the two solutes for tubes 1 through 6. This gives us 18 equations. In addition, Eqs. (11) and (12) 
IV. THE LIMIT CASES FOR THE FULL MODEL
In order to solve the equations which describe the model, we must have in addition to the boundary conditions numerical values for the parameters and inputs listed in Table 2 . From a mathematical point of view, each of these parameters and inputs has a maximal interval containing all of the possible values it can assume. For example, the reflection coefficients all lie in the unit interval from zero to one. On the other hand, the inflow rate into the DHL has a minimum possible value of zero but there is no upper limit to the value it can assume. We stress the fact that these are the mathematical limits as they apply to this model; the values for these parameters and inputs which are physiological are invariably more restricted and rarely extend to their mathematical limits.
Suppose that among the parameters and inputs for the model we choose an arbitrary subset and allow each of the parameters and inputs in this subset to assume or approach one of its extreme values. This maneuver will change some of the Eqs. (l)-(20). and we can study the nature of the solutions of this new set of equations as the remaining parameters and inputs are varied. This is an example of a limit case for the model. Indeed, the limit cases for a model are those in which each parameter or input value is assigned or allowed to approach one of its extreme values either one at a time or in various combinations.
By studying limit cases, one hopes to derive realistic simplifications of the model and to study the behavior of the full model as these cases are approached.
For the model which we are considering there is a large number of possible limit cases, most of which are of little interest. Those cases in which we are interested and which we will consider in this and the next section involve the volume inflow rates into the DHL, the DVR and the CD, and the solute permeabilities in the vasa rectae and their capillary plexuses. We wish to point out again that each of these is an input to the model and can be varied independently of the others. Of course it may well be that not all of the parameters can be varied independently in the renal medulla.
INFLOW INTO THE DVR
The minimum value which this inflow rate can assume is zero, i.e., F,,(O)=O.
In this case, the vasa rectae and their associated capillary plexuses disappear from the model simplifying it considerably. To see this,
note that the two terms on the right of Eq. (13) The osmotic pressure of the plasma proteins would pull interstitial fluid into the vasa rectae to generate a flow that would flush out the plasma proteins so that in the steady state cso(x)= c6e(x)~0.
Thus AT, tends to zero and so does AP, because there is no pressure gradient at x =0 and because of the high permeabilities of urea, salt and water the concentration differences across the walls of the vessels must tend to zero. In effect the contents of the vessels equilibrate with the interstitium. Thus we argue that J,, goes to zero in the steady state. As a result FSL.(x) must be a constant but since F,,(O)=O, F,,(x)=O.
The other extreme occurs when F,,(O)~cc. In the limit, because flow is continuous, it is easy to see that F,, and Fe0 become infinite throughout the system whence Fsk and Fbk also become infinite. Moreover, in this case, the fluid entering the DVR is identical in composition with that leaving the AVR, so c,,(O) = csk(x) = csk(x) for all x. What is the effect of this upon the model? If we approach this limit in such a way that the derivatives in (1) and (2) tend to zero, then from (5) we see that we must have cdk(x) approach c,,(O) as a limit assuming of course that the solutes are highly permeable.
The physiological implications of this limit case are obvious. If we assume that the vasa rectae are highly permeable to salt and urea, then as F,,(O) increases, the initial concentrations csk(0) will be propagated further and further down the DVR, and the high permeability will promote equilibration between the interstitium and the vasa rectae. The net effect will be to wash out whatever gradients might have existed in the interstitium, almost completely.
INFLOW INTO THE DHL
As with the DVR, the minimum value which this inflow rate can assume is zero, i.e., F,"(O)=O.
In this case, there may be transient movement of fluid and solute into and out from various portions of the DHL and AHL while the pump in the AHL depletes the salt concentration in this tubule. In the long run, no inflow into the DHL means that no salt is delivered to the pumps, and no gradient in the interstitium can be developed.
What happens as F,,(O)-+cc?
Starting at low values of F,,(O), as flow into the DHL increases, more and more salt is delivered to the pumps in the AHL. Initially, we expect to see an increase in concentration gradient in the interstitium.
However, as F,,(O) increases two other effects appear that slow the increase in concentration gradient and then decrease it. One is basically a saturation of total pump capacity. The easiest way to see this is to consider what happens as inflow to the AHL increases for constant salt concentration in the fluid entering the AHL. At a high enough flow rate the pumps cannot significantly decrease the concentration in the lumen so all pumps see the same concentration in the lumen and so the maximum total pump capacity is attained for that inflow concentration.
The other effect is similar to that described for the vasa rectae. At low flow rates, the luminal fluid is concentrated as it traverses the DHL thus delivering a concentration to the AHL that is higher than that entering the DHL; this is the countercurrent multiplier action. However, the faster the flow rate in the DHL the less effect the interstitial concentration has on the luminal fluid so that in the limit the entering concentration is propagated all the way down the DHL and eventually that is the concentration delivered to the AHL. A very rapid flow in the DHL also tends to wash out the interstitial gradient. We conclude that as F,,(O) increases, the interstitial gradient first increases, but eventually plateaus and then decreases.
INFLOW TO THE CD
Both of these extreme cases are of little interest. Indeed, the case when FsO(0)=O represents a model with no CD, and the case when F30(0)+oo represents infinite urine flow of the same composition as the fluid entering the CD.
SOLUTE PERMEABILITIES IN THE DVR AND AVR
The limit cases considered here form the basis for the derivation of the central core model. We will defer the discussion of this until the next section.
PHYSIOLOGICAL IMPLICATIONS OF THE INFLOW LIMIT CASES
What can we learn about medullary function by looking at limit cases? Although the limit cases may not occur in vivo the effects described above in going to the various limits may well be important in normal function. Indeed, the effect of F,, The next control point would be the smooth muscles surrounding the efferent arteriole. Indeed, for any given inflow rate in the afferent arteriole and blood composition, the distribution between GFR and flow rate in the efferent arteriole can be controlled by constricting or relaxing these muscles.
However, these flow rates are not the flow rates for the fluids entering the DHL and DVR because of the fact that there is reabsorption of water and solutes by the peritubular capillaries along the proximal convoluted tubule. Thus F,,(O) is determined by the GFR along with this reabsorption and F,,(O) is determined by the initial flow in the efferent arteriole along with this reabsorption where we must also take into account the possibility that not all of the capillaries lead into the DVR. With these facts in mind, let us consider the inflow into the DHL, DVR, and CD for a gicen flow rate and blood composition in the afferent arteriole.
As F,,(O)+0
we must have F,,(O) increasing although we cannot say by how much. The contribution of this nephron to flow in the CD would become negligible. A situation such as this could arise in the event that the nephron was damaged. In this case. the effect of F,,(O) would be to decrease the medullary gradient, and we would expect in the extreme an isotomc urine. It is also possible to conceive of the situation in which inflow to the DHL becomes small with a concomitant rise in F,,(O) as the transient behavior of the kidney in passing to a more diuretic state.
On the other hand, as the inflow into the DHL becomes large we would expect a drop in the inflow into the DVR. The initial result would be an increased delivery of salt to the pumps in the AHL. As F,,(O) decreases, the effect that the vasa rectae has on the concentration gradient in the medulla is decreased, the establishment of the gradient depending primarily on the action of the loops of Henle. Thus again we would expect to see an optimal flow rate for F,,(O) where the maximal gradient is established followed by a decrease in the gradient.
Finally, the flow into the CD is partly coupled to that leaving the AHL so FJO) cannot be varied entirely independently of F,,(O). For species that have only long Henle loops all of which go into the medulla. F3JO) must be determined almost entirely by FzO(0) and the subsequent action of the distal tubules on this fluid. However, for many species only a portion of the Henle loops are in the medulla; most of the cortical nephrons have short Henle loops that just get into the outer medulla. For such kidneys F3"(0) must be determined more by what goes on in the cortical nephrons than by the outflow from the AHL of the juxtamedullary nephrons.
V. THE CENTRAL CORE MODEL
In the previous section we saw that in the limit case when F,,(O)=0 the vasa rectae and their associated capillary plexuses dropped out of the model. In this section we will consider another limit case, specifically that in which these vessels are infinitely permeable to salt, urea, and other small solutes, and show that it leads to the same conclusion. Stephenson [12] was the first to consider the consequences of such an assumption, and at almost the same time, Kokko and Rector [6] pointed out that this assumption greatly simplified their calculations for mass balance in the inner medulla.
The assumption that Stephenson made was that the reflection coefficients in the vasa rectae and their capillaries for NaCl, urea, and other small solutes were close to zero, i.e., that these solutes were highly permeable. This meant that these tubules could be merged functionally with the interstitium into a single fluid-filled space called the central core. Thus, this leaves the machinery of the concentrating mechanism intact, implicitly retains the functional effect of the vasa rectae in this limit case but greatly simplifies the model.
THE CENTRAL CORE ASSUMPTION
With the above information in mind, we will sketch the derivation of the central core model. for the combined volume flow rates at level x in the interstitium and vasa rectae. Then, from (7) we obtain upon differentiating
Differentiating (8) and rearranging terms, we have
If the vasa rectae are highly permeable to the solutes in both limbs and in the capillary beds so that u5k, usk, and uck are approximately zero, then we may assume cdk = c5k = cdk = c,,, and Eq. (22) may be simplified
This equation tells us that if this assumption is true, then the details of the vasa rectae and their capillary beds may be ignored as far as the concentrating process is concerned, and they can be lumped with the interstitium into an enlarged functional unit. Note that in reaching this conclusion, we have assumed that the loops of Henle and the collecting ducts interact with the vasa rectae only via the interstitium.
Thus the complicated model shown in Fig. 1 reduces to the simpler one shown in Fig. 3 . The central core, i.e., the interstitium and the vasa rectae, is labeled with the subscript 4. This makes our notation the same as that used by Stephenson [ 12, 171 and should facilitate comparison of his work and ours.
THE EQUATIONS OF THE CENTRAL CORE
The equations for the central core model may be obtained directly from (1) and (2) 
BOUNDARY VALUES FOR THE CENTRAL CORE MODEL
There are 10 boundary values listed in Table 2 which apply to the central core model. Since we have 12 equations we need two more. We will derive these now.
From (28) (24) (25) (21), and (23) these can be used as added constraints thus giving a full set of 12 boundary conditions.
THE SIGNIFICANCE OF THE CENTRAL CORE MODEL
We have just seen that the central core assumption, that is, the limit case in which the reflection coefficients for salt and urea in the vasa rectae and their capillary meshwork are close to zero which means that c4/, = cjk = chk = c,~ results in the disappearance of the vasa rectae from the model. This implies that the details of the action of the vasa rectae have no influence on the rest of the model. Thus, within the range of blood flows for which this assumption is a good approximation, changing the blood flow to the medulla cannot affect the gradient except possibly in an indirect fashion through an effect on the GFR of the juxtamedullary glomeruli and a consequent change in inflow into the DHL. It is clear that there must be situations in which this is a fairly good approximation; the problem is that we do not know whether these situations overlap the physiologically realizable states of the medulla.
Nonetheless, as a model of a concentrating engine, it should provide some insight into the operation of the full model.
VI. PARAMETERS AND INPUT VALUES FOR THE CENTRAL CORE MODEL
The parameters and input values required for the central core model are of the following types: the geometric parameters, the thermodynamic parameters of the tubules, those which characterize the action of the salt pumps, and the composition and flow rates of the fluid entering the tubules. Recall that the notation for each is listed in Table 1 .
GEOMETRIC PARAMETERS
The geometric parameters which have been directly measured and r.:-ported in the literature are summarized in Table 3, we estimated an average diameter for the collecting duct as double that of the limbs of Henle. Using these figures, we obtain a surface area per unit length in the human kidney which is just about the same as that estimated for the loops of Henle. If the ratio of the collecting ducts to long LOOPS of Henle remains the same in the other species and if the average diameters of the collecting ducts is double that of the loops of Henle the surface area per unit length of the collecting duct is approximately the same as for the loops of Henle. These figures are also summarized in Table 4 with the figures for the nonhuman cases being put in parenthesis to stress their hypothetical nature.
THERMODYNAMIC PARAMETERS
Almost all of the measurements of the reflection coefficients, permeability coefficients, and filtration coefficients have been obtained for the rat and rabbit. As we mentioned in the introduction, the data on the rabbit tubules come from experiments on isolated tubules whereas the rat data come from estimates based upon micropuncture studies. Table 5 presents our summary of the data available in the literature.
It is interesting to note that in many cases there are sizable differences in the permeability properties of the same tubular segment between the rat and the rabbit. 2.05 [27, 28] 4.08 [45] .308 [30] 0.6.0.7 [28] 11 [45] 2.12 [29] .38 [31] 2.07 [45] . 'Taken from figure in [7] . We will defer until the next paper our table of input concentrations and flow rates, and summarize here only our values for urine concentration and flow rates. Kuhn and Ramel [4] changed this to the active extrusion of sodium as the driving force of the system and at the same time omitted the vasa rectae and the flow of water across the tubular walls. These omissions along with the omission of nontransported solutes such as urea makes such a model unrealistic.
Pinter and Shohet [.59 ] were the first to try to include the vasa rectae in such a model but they did not allow the water to move across the walls of the tubules. Stephenson [60] showed that such a model could not concentrate solute and Kelman et al. [61] showed that the concentration profile was nonmonotonic. Jacquez et al. [21] 
